Abstract-This letter focuses on the control theory aspects of the dynamics of a magnetized micro-swimmer robot model made of three rigid links. Under generic assumptions on the parameters, we show that the control system which describes the swimmer dynamics is locally controllable in small time around its equilibrium position (the straight line), but with bounded controls that do not go to zero as the target state gets closer to the initial state. This result is relevant for useful applications in the microswimming field, and provides better understanding of this type of two-control systems.
I. INTRODUCTION
M ICRO-SWIMMING robots offer potential high-impact applications in the biomedical field, such as targeted drug delivery or non-invasive surgery. For that reason, the interest in building such robots has been growing in the past years. The shapes and propulsion techniques of these new robots could be inspired by biology, since micro-organisms such as sperm cells or bacterias developed efficient ways to move through a surrounding fluid (see [1] ). One promising technique consists of using an external magnetic field to drive a magnetized swimmer (see [2] , [3] , [4] ).
In this letter, we focus on this type of propulsion, applied to a simple model of micro-swimmer consisting of three magnetized segments linked by elastic joints. Such models, with different numbers of segments, have been studied for instance in [5] and [6] , in which the authors show that sinusoidal magnetic fields allow the swimmer to move forward in a prescribed direction. The 3-link articulated swimmer was introduced by Purcell in a founding talk about micro-swimming [7] .
At the microscopic scale, the Reynolds number is typically very small (around 10 −6 ), which means that the intensity of inertial forces is negligible compared to those of viscous ones. Therefore, we can assume that the fluid is governed by the Stokes equations. We model the hydrodynamic interaction between the swimmer and the fluid by the local drag approximation of Resistive Force Theory introduced in [8] .
We state a local controllability result for the 3-link swimmer. Under generic conditions on the links magnetizations, we show that it is controllable around its equilibrium position (a straight line), but with controls that cannot be made arbitrarily small. This is due to the fact that the parallel component of the magnetic field cannot act on the swimmer when all its links are aligned. The proof gives an explicit bound on the controls to achieve small-time local controllability (STLC). In [9] , the authors show a similar local controllability result for the 2-link model around its straight position. The method that we present here to obtain our controllability result allows to improve this result with a stronger form of local controllability. In addition to its interest for applications and experiments, our result raises potential new STLC conditions for a particular class of control systems.
This letter is organized as follows. In Section II, we describe the micro-swimmer model and derive the dynamics equations. In Section III, we recall definitions and results regarding smalltime local controllability (STLC), state our main result, and extend it to the 2-link swimmer model. Section IV is dedicated to a discussion about the results as well as some numerical simulations.
II. MICRO-SWIMMER MODEL

A. Formulation of the Problem
We mostly follow the notations and model used in [9] , [10] , and [11] . We focus on a micro-swimmer consisting of 3 rigid magnetized segments -see Figure 1 -connected by two torsional springs with stiffness κ, subject to a uniform in space, time-varying magnetic field H. The by the vectors e x and e y . Let e z = e x ×e y . Let x = (x, y) be the coordinates of the end of S 1 , θ the angle between (Ox) and S 
Integrating over S i to obtain the total force F h i exerted on S i :
Moreover, given a point x 0 , the drag torque for S i with respect to x 0 takes the form
Hydrodynamic drag effects are resistant: without a magnetic field, the swimmer tends to immobilize at its equilibrium straight shape.
3) Magnetism:
The magnetic field exerts a torque T m i on S i which is proportional to its magnetization coefficient
The swimmer is considered sufficiently small to be at low Reynolds number regime, and, as a result, inertia may be neglected [7] . Newton's second law says that the total force applied to {S 1 + S 2 + S 3 } is zero, and so is the total torque with respect to x. Same holds for the subsystems {S 2 + S 3 } and {S 3 }, with torques computed with respect to the end of, respectively, S 2 and S 3 . This leads to the following system of equations: This system gives five scalar equations by projecting the first line on (Ox) and (Oy) and the last three on (Oz). We project the uniform time-varying magnetic field H(t) in the moving frame associated to S 1 : H(t) = H e 1, + H ⊥ e 1,⊥ , seeing them as control functions. After computing the different contributions with respect to the parameters, the system can be written as an implicit differential system
and M is a matrix that depends only on α 1 and α 2 . Its expression is given in the Appendix.
Remark 1: If the orthogonal magnetic field is equal to zero, (i.e., H ⊥ = 0 for all times), for any H , states of the form (x, y, θ, 0, 0) with (x, y, θ) ∈ R 3 are equilibrium positions. In particular, the parallel component of the magnetic field has no action on the swimmer when its shape is a straight line. This makes the system more difficult to control around the equilibrium. This issue is being dealt with in [11] , where a modified swimmer model that is bent at equilibrium is introduced.
Remark 2: The problem is invariant by translation and rotation, as can be seen from the absence of x and y in the dynamics, and the special way in which the dynamics depends on θ . Therefore, we focus on the equilibrium position (0, 0, 0, 0, 0), without loss of generality.
Straightforward computations show that the determinant of M remains negative for all values of α 1 and α 2 , so M is invertible and we can rewrite the system (S) as a nonlinear control system given byŻ
where F 0 , F 1 and F 2 are combinations of the third, fourth and fifth columns of (MR −θ ) −1 , denoted respectively by X 3 , X 4 and X 5 :
III. LOCAL CONTROLLABILITY AROUND EQUILIBRIUM STATES A. Small-Time Local Controllability (STLC)
We start with some useful definitions and properties. Leṫ
be a general nonlinear control-affine system, with z in R n , 
such that the solution of the control system z(·) : [0, ε] → R n of (3) satisfies z(0) = z 0 , z(ε) = z 1 , and
In the following, we assume that f 0 (0) = 0, such that (0, (0, 0)) (state and controls equal to zero) is an equilibrium of the system (3). The following definitions and theorem provide a sufficient condition for STLC, that we will use later to prove our controllability result on the 3-link swimmer.
Definition 2 (LARC): System (3) satisfies the Lie Algebra Rank Condition (LARC) at 0 if the values at 0 of all iterated Lie brackets of the vector fields f 0 , f 1 , f 2 span a vector space of dimension n.
Let us introduce some notions of weight and orders of iterated Lie brackets (see [13, pp.184-185] for details). For h an iterated Lie bracket involving the vector fields f 0 , f 1 , f 2 , let g the iterated Lie bracket obtained by exchanging 
B. Controllability Result for the 3-Link Swimmer
In this section, we state a local controllability result for system (S), around the equilibrium position (0, 0, 0, 0, 0) (that we will denote by 0 for the sake of readability) with nonzero controls.
From now on, we assume that the physical constants , η, ξ , κ are positive, and that η > ξ. This is usually true in the swimmer's physical setting (for thin filaments, one typically has η = 2ξ , see [8] ), and avoid dealing with numerous subcases.
Let m = M 1 + M 3 and μ = M 1 − M 3 . Before stating the result, we need to make a few technical assumptions about the magnetizations.
Assumption 1:
with
Remark 4: It is shown in [14, Sec. 3.1], using a symmetry argument, that if μ = 0, the swimmer starting from the straight shape verifies α 1 (t) = −α 2 (t) for all times. A similar argument shows that if m = 0 and M 2 = 0, one has α 1 (t) = α 2 (t) for all times. Therefore, the system is not controllable in both of these cases.
If −7M 2 2 + 9M 2 m − 5M 1 M 3 = 0, then the constant γ expressed in Theorem 2 below is not defined. In that case, the swimmer is not STLC at (0, (β, 0)) for any β ∈ R; see Remark 5 for further discussion about the uniqueness of γ .
The first three conditions in equation (4) are hence necessary for controllability. It is unclear whether the last one is also necessary. The polynomial expression P seems to be of importance in the swimmer's dynamics, as it appears in all the determinants computed in the proof of Lemma 1 below. The values of (M 1 , M 2 , M 3 ) for which P vanishes may therefore correspond with cases where the swimmer's movement ability is limited. It seems nonetheless difficult to confirm this hypothesis analytically or numerically.
We now state our main result. Theorem 2: System (S) is STLC at (0, (γ, 0)) with
Proof: Let T > 0. Let H and H ⊥ be control functions defined on [0, T]. We define H as the affine feedback transformation H = H + γ . With this new control, system (S) can be written as a different control systeṁ 
We start with two lemmas on the Lie brackets of the systems (S) and (S).
Lemma 1: One has
and
Proof: Using a computer algebra software (for example Mathematica), we compute Lie brackets and show (5). We also show that only the first component of F 212 is nonzero, and its value is equal to 
Proof: Since F 0 = F 0 + γ F 1 , F 1 = F 1 and F 2 = F 2 , one immediately has (7) and (8).
Lemmas 1 and 2 allow to prove the following results: Proposition 1: System (S) does not satisfy the Sussmann condition S.
Theorem 3: System (S) is STLC at (0, (0, 0)). Proof: We prove simultaneously Proposition 1 and Theorem 3. System (S) (resp. system (S)) satisfies the LARC thanks to (8) (resp. (6)). Moreover, all the "bad" brackets h such that ρ(h) > 4 trivially belong to G ρ(h) = R 5 . The only bad brackets of lower order that remain are the ones with two times F 1 or F 2 and one time F 0 (resp. F 0 ). The Sussmann condition S requires F 101 + F 202 (resp. F 101 + F 202 ) to belong to the subspace spanned by the brackets of order smaller than 2, which is Span{F 2 , F 02 , F 12 } (resp. Span{ F 2 , F 02 , F 12 }).
Equations (7) and (8) show that F 101 + F 202 = γ F 212 ∈ Span{F 2 , F 02 , F 12 }, which proves Proposition 1. On the other hand, (5) shows that F 101 + F 202 = 0 ∈ Span{ F 2 , F 02 , F 12 }, which proves that the condition S is true for (S). Then, thanks to Theorem 1, (S) is STLC at (0, (0, 0) ).
We now conclude the proof of Theorem 2, as a corollary to Theorem 3. Let ε > 0. Let ζ be the associated parameter from Definition 1, and Z 0 , Z 1 in B(0, ζ ). There exists controls H and H ⊥ defined on [0, ε] such that the solution of (S) with Z(0) = Z 0 and these controls verifies Z(ε) = Z 1 , and
Hence, the solution of system (S) with Z(0) = Z 0 and controls
Remark 5: In a forthcoming paper [15] , we show that γ is unique: system (S) is not STLC around any control different from (γ , 0). In particular, one cannot hope to control the system at (0, (0, 0)) (i.e., with small controls) or at (0, (δ, 0)) with δ < γ . Our result is optimal in that sense.
The uniqueness of γ is due to the fact that it is the only value that allows to "neutralize" the bracket F 202 with the bracket F 212 at 0. Around another control (0, (δ, 0)) with δ = γ , one has to check that F 202 obstructs local controllability and that all the other brackets cannot "neutralize" it. This requires a careful study of the higher-order brackets. The calculations in their full length would exceed the scope of this letter. The reader is invited to refer to [15] for more details.
C. A Similar Result for the 2-Link Swimmer
In [9] , the authors conduct a study on the 2-link magnetic swimmer and state a local controllability result. However, the result they state is weaker than STLC. In this section, we improve this result, using the same arguments than for the 3-link swimmer.
The notations used in the following are the same as in their paper, and as above: each of the two segments has length , hydrodynamic coefficients η and ξ ; the segments are magnetized with magnetizations M 1 and M 2 and connected by a torsional spring with stiffness κ. The swimmer is submitted to a magnetic field (H , H ⊥ ) . The state variables are x, y, θ , defined as for the 3-link swimmer, and α, the angle between the two links. We assume that , η, ξ and κ are positive and that η > ξ.
The derivation of the dynamics equation leads to a system analog to system (S)
Without loss of generality (thanks to an argument similar to Remark 2), we focus on controllability around the position 0 (i.e., (0, 0, 0, 0)) with nonzero controls. Using the "return method" from [12, Ch. 6], the following result is shown in [9, Th. III.4].
Theorem 4: 
Before stating our result, let us point out a few particular cases, as for the 3-link swimmer.
Proposition 2: If M 1 = 0 or M 2 = 0, the swimmer is not STLC.
Proof: We start with a useful lemma.
Proof: This is a direct application of the necessary condition stated in [16, Prop. 6.3, p .707], for scalar-input control systems.
The symmetry of the system makes both cases M 1 = 0 and M 2 = 0 equivalent. Moreover, in the case M 1 = 0, a straightforward computation shows G 1 = 0 and G 202 ∈ Span{G 2 , G 02 , . . . , G 0...02 , . . .}, so we can apply Lemma 3.
From now on, we make the following assumptions on the magnetizations. (0, (0, 0) ).
We now state our result for the 2-link swimmer. Theorem 5: System ( ) is STLC at (0, (γ , 0)) with 
Remark 7:
This improves the result from Theorem 4, for it shows that the system is STLC at (γ , 0), whereas Theorem 4 does not require the control H to stay arbitrarily close to the upper bound 2κ
. This upper bound on H is also improved in our result.
Proof: Let T > 0. Let H and H ⊥ be control functions defined on [0, T]. Let
We define H = H + γ as above, to get the feedback systemẎ
We will use the same notations as above for the Lie brackets associated to systems ( ) and (˜ ), evaluated at 0. For example,
Lemma 4: One has Span{G 2 , G 12 , G 212 , G 2202 } = R 4 and
Proof: Using a computer algebra software, we compute Lie brackets and show (9) . We also show that the first component of each of the three vectors G 2 , G 12 , G 2202 is zero. The determinant D of the matrix formed with the three last components of these vectors expresses
D is nonzero thanks to Assumption 2. Moreover, only the first component of G 212 is nonzero, and its value is equal to
that is nonzero thanks to Assumption 2. Hence (8) 
Proof: We conclude the proof of Theorem 5 as in the previous section.
IV. DISCUSSION A. Comments on the Main Results
Theorem 2 is, to our knowledge, the first local controllability result for this magnetically actuated 3-link swimmer. It shows, rather counterintuitively, that the parallel component of the magnetic field needs to remain large in order to control the swimmer, even when the target state is very close to its equilibrium position. In the particular case 16m − 17M 2 = 0, the constant γ is equal to 0, and the standard STLC at (0, (0, 0)) is retrieved. We improved the existing result on the 2-link swimmer in Theorem 5.
Physically, these results reflect the fact that the parallel component of the magnetic field has no effect on the swimmer when it is at its equilibrium shape, i.e., when all the segments are aligned. This may be seen as a loss of controllability at the equilibrium. The parallel control H plays however a crucial role in the controllability properties of the swimmers.
This result provides a useful insight for experiments, by showing that the 2-and 3-link swimmers may not be driven easily in any direction from an equilibrium point, and giving an explicit lower bound on the control needed to achieve local controllability. Further work on the subject of microswimmers, currently under our investigation, is to consider swimmers with more links, that describe more realistically flexible filaments. This letter also addresses the question of the existence of necessary conditions for local controllability for systems with non-scalar controls, for which little is known.
B. Numerical Simulations
In order to numerically observe the local behavior of the system, we steer it from an equilibrium state with different controls that stay "close" to the equilibrium control. Let β be a real number and > 0 be a small parameter; we set H (t) = β + ε(h 1 + h 2 cos(10t) + h 3 cos(100t)) H ⊥ (t) = ε(h 4 + h 5 cos(10t) + h 3 cos(100t)) (11) with h 1 to h 6 constants taken randomly in [−1, 1]. We take N realizations of these random controls and solve the 2-link swimmer system starting from (0, 0, 0, 0) over the time interval [0, T] . With such a range of randomized oscillating controls close to (β, 0), we expect the obtained trajectories to roughly cover the reachable space in small time T, which allows to observe the unattainable regions if there are any. The results of the simulations, performed with MATLAB, for the 2-link swimmer with these controls are displayed on Figure 2 . When β is different from the critical value γ , the trajectories remain, locally, either always left or always right of (0, 0) in the 2d-plane, which tends to validate the non-STLC of the swimmer. On the contrary, for β = γ , where the swimmer can be locally controlled according to our result, the trajectories seem to cover a neighborhood of 0. The dynamics of the 3-link swimmer are more complex and appear to be numerically unstable. The oscillating controls generate numerical artifacts over the trajectories; hence the numerical simulations in this case are less conclusive than for the two-link swimmer.
APPENDIX
We provide the detailed expression of the matrix M(α 1 , α 2 ) introduced in (2) . M is of size 5 × 5 and its entries read
